Let K be any field which may not be algebraically closed, V be a four-dimensional vector space over K; sAGLðV Þ where the order of s may be finite or infinite, f ðTÞAK½T be the characteristic polynomial of s: Let a; ab 1 ; ab 2 ; ab 3 be the four roots of f ðTÞ ¼ 0 in some extension field of K: Theorem 1. Both KðV Þ /sS and KðPðV ÞÞ /sS are rational ð¼ purely transcendental) over K if at least one of the following conditions is satisfied: 
Introduction
Let K be any field, Kðx 1 ; y; x n Þ be a rational function field of n variables over K; s be a K-automorphism acting on Kðx 1 ; y; x n Þ by s : x 1 /x 2 /?/x n /x 1 :
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It was asked by Emmy Noether [14] that whether the fixed field Kðx 1 ; y; x n Þ /sS is rational ð¼ purely transcendental) over K: Around 1960s Masuda showed that Qðx 1 ; y; x n Þ /sS was rational if n ¼ 2; 3; 4; 5; 6; 7; 11 [12] . The first counter-example to Noether's problem was constructed by Swan [18] who showed that Qðx 1 ; y; x n Þ /sS was not rational if n ¼ 47; 113; 233: For a survey of Noether's problem and related topics, see Swan's paper [19] .
Swan's counter-example for n ¼ 47 uses the arithmetic of Qðz 23 Þ whose class number is not one; note that Qðz 23 Þ is the first cyclotomic field not of class number one. Later Lenstra gave a complete solution of the rationality problem of Kðx 1 ; y; x n Þ /sS ; in particular, that of Qðx 1 ; y; x n Þ /sS [11] . As Lenstra pointed out, those integers n such that no47 and Qðx 1 ; y; x n Þ /sS was not rational were n ¼ 8; 16; 24; 32; 40 [11, (7. 3) Corollary]. A new proof of the non-rationality of Qðx 1 ; y; x 8 Þ /sS and similar cases was found by Saltman [15, Theorem 5.11 ]. Saltman's proof used a result of Shianghaw Wang, which corrected a mistake in Grunwald's Theorem.
Using the non-rationality of Qðx 1 ; y; x 8 Þ /sS ; it was shown that both the fixed fields Qðy 1 ; y 2 ; y 3 ; y 4 Þ /sS and Qðz 1 ; z 2 ; z 3 Þ /sS were not rational over Q [1, Example 2.3] where s : y 1 /y 2 /y 3 /y 4 / À y 1 ; z 1 /z 2 /z 3 / À 1=ðz 1 z 2 z 3 Þ:
Being led by the above examples, we would like to find the rationality of kðx 1 ; y; x n Þ /sS where sAGL n ðKÞ and np4: Here are the answers:
1.1. Theorem (Noether [14, 13] ). If G is any subgroup of GL 2 ðKÞ; then Kðx 1 ; x 2 Þ G is rational over K:
1.2. Theorem (Ahmad et al. [1, Theorems 4.1 and 4.3] ). Let K be any field.
(1) If sAGL 3 ðKÞ; then both Kðx 1 ; x 2 ; x 3 Þ /sS and Kðx 1 =x 3 ; x 2 =x 3 Þ /sS are rational over K.
(2) If s is a K-automorphism on Kðx 1 ; x 2 ; x 3 Þ defined by
where a ij ; b j AK and detða ij Þa0; then Kðx 1 ; x 2 ; x 3 Þ /sS is rational over K.
(3) If s is a K-automorphism on Kðx 1 ; x 2 Þ defined by
where a i ; b i ; c i ; d i AK and a i d i À b i c i a0 for 1pip2; then Kðx 1 ; x 2 Þ /sS is rational over K.
What we shall prove in this paper are the following theorems:
ARTICLE IN PRESS 1.3 . Theorem. Let K be any field which may not be algebraically closed, V be a four-dimensional vector space over K; sAGLðV Þ where the order of s may be finite or infinite, f ðTÞAK½T be the characteristic polynomial of s: Let a; ab 1 ; ab 2 ; ab 3 be the four roots of f ðTÞ ¼ 0 in some extension field of K: Then both KðV Þ
/sS
and KðPðV ÞÞ /sS are rational over K; if at least one of the following conditions is satisfied:
(ii) f ðTÞ is a reducible or inseparable polynomial in K½T; (iii) not all of b 1 ; b 2 ; b 3 are roots of unity, (iv) if f ðTÞ is a separable irreducible polynomial in K½T and G denotes the Galois group of f ðTÞ over K; then G is not isomorphic to D 4 or Z 2 Â Z 2 where D 4 denotes the dihedral group of order 8 and Z n denotes the cyclic group of order n: If KðV Þ /sS (resp. KðPðV ÞÞ /sS ) is not rational over K; it is not stably rational over K: Explicitly, the non-rational cases are the situations: A special case of Theorem 1.5 is the following. KðPðV ÞÞ /sS ) is stably rational over K; it is rational over K:
As applications we get the following Theorems 1.7 and 1.8.
1.7. Theorem. Let K be any field, s be a K-automorphism on Kðx 1 ; x 2 ; x 3 ; x 4 Þ defined by
where a; bAK\f0g: Then both Kðx 1 ; x 2 ; x 3 ; x 4 Þ /sS and Kðx 1 =x 4 ; x 2 =x 4 ; x 3 =x 4 Þ /sS are rational over K if at least one of the following conditions is satisfied:
If char Ka2; (resp. Kðx 1 =x 4 ; x 2 =x 4 ; x 3 =x 4 Þ /sS ) is not rational over K; it is not stably rational over K:
1.9. Theorem. Let K be any field, s be a K-automorphism on Kðx 1 ; x 2 ; x 3 ; x 4 Þ defined by
where a ij ; b j AK and det ða ij Þa0: Let f ðTÞ be the characteristic polynomial of ða ij ÞAGL 4 ðKÞ: Then Kðx 1 ; x 2 ; x 3 ; x 4 Þ /sS is rational over K except for the case f ð1Þa0 and f ðTÞ is the minimal polynomial of ða ij Þ: If f ð1Þa0 and f ðTÞ is the minimal polynomial of ða ij Þ; then there exist y 1 ; y 2 ; y 3 ; AK; and therefore the non-rational examples mentioned at the beginning of this section is just a special case of this conclusion. Finally we remark that, besides Theorem 1.3, there is yet another direction of generalization for Theorem 1.2, which will appear in a forthcoming paper [7] :
1.10. Theorem. Let K be any field, G any solvable subgroup of GL 3 ðKÞ: Then both Kðx 1 ; x 2 ; x 3 Þ G and Kðx 1 =x 3 ; x 2 =x 3 Þ G are rational over K:
It may be interesting to point out that Castelnuovo-Zariski's Theorem for rational algebraic surfaces requires that the base field K is algebraically closed [23] while the rationality of Kðx 1 =x 3 ; x 2 =x 3 Þ G in Theorem 1.10 is valid for any K; in particular those non-closed fields.
In case f ðTÞ is separable and irreducible, the strategy of proving Theorem 1.2 is to use Galois descent and to reduce the problem to two-dimensional algebraic tori [1] . We use similar techniques to prove the main results of this paper. However, in this situation, not all three-dimensional algebraic tori are rational. Thanks are due to Kunyavskii who provided a birational classification of all three-dimensional algebraic tori [10] . In this sense we may regard the birational class of the threedimensional algebraic torus associated to KðPðV ÞÞ /sS is the obstruction to the rationality of KðV Þ /sS and KðPðV ÞÞ /sS : If f ðTÞ is inseparable or reducible, we will resort to other methods to solve the rationality problem; see Theorems 2.7 and 2.8 for details. In the formulation of Theorems 1.3-1.6, it is important to determine the Galois group of the quartic polynomial f ðTÞ: We would mention that the paper [9] provides some handy criteria to determine the Galois group of a quartic polynomial. Finally, we would remark that Saltman has developed a method to determine whether an algebraic torus is retract rational [16, Theorem 3.14; 17, Section 2]; this method is particularly effective if we try to prove an algebraic torus is not stably rational.
We shall organize this paper as follows. In Section 2 the rationality of KðV Þ
and KðPðV ÞÞ /sS will be established if f ðTÞ is reducible or inseparable. The proof of Theorem 1.3 will be finished in Section 3. We shall prove Theorem 1.4 in Section 4. The proof of Theorem 1.5 will be presented in Section 5. Section 6 will contain the proof of Theorems 1.6-1.8. In the last section, Section 7, we shall prove Theorem 1.9 together with another application.
Standing notations. In this paper, K will always stand for a field; it is unnecessary to assume char K ¼ 0 or K is algebraically closed. If V is a vector space over K; KðV Þ and KðPðV ÞÞ will denote the function fields of V and PðV Þ respectively; taking a basis x 1 ; y; x n for V Ã (the dual space of V ), KðV Þ (resp. KðPðV ÞÞÞ is nothing but the field Kðx 1 ; y; x n Þ (resp. Kðx 1 =x n ; x 2 =x n ; y; x nÀ1 =x n ÞÞ: We shall denote by Kðx 1 ; y; x n Þ the rational function field of n variables over K; i.e. x 1 ; x 2 ; y; x n are algebraically independent over K: ðKðx; yÞ is defined similarly.)
If sAGLðV Þ; then s acts on KðV Þ and KðPðV ÞÞ in a natural way; thus we may consider the fixed subfields KðV Þ /sS and KðPðV ÞÞ /sS of KðV Þ and KðPðV ÞÞ; respectively. In particular, If s ¼ ða ij Þ 1pi;jpn AGL n ðKÞ; then s acts on Kðx 1 ; y; x n Þ by sðx j Þ ¼ P i a ij x i for 1pjpn: A field extension L of K is called rational over K if it is purely transcendental over K; L is called stably rational over K if Lðy 1 ; y; y m Þ is rational over K for some y 1 ; y; y m which are algebraically independent over L:
If e is an element of a group G; ordðeÞ will denote the order of e; for g 1 ; g 2 ; y; g m AG; /g 1 ; g 2 ; y; g m S denotes the subgroup generated by g 1 ; g 2 ; y; g m : If G is the Galois group of a quartic equation f ðTÞ ¼ 0 over a field K and a 1 ; a 2 ; a 3 ; a 4 are the four roots of f ðTÞ ¼ 0; then we may regard G as a subgroup of S 4 ; the symmetric group on fa 1 ; a 2 ; a 3 ; a 4 g; for an element tAG; the expression t ¼ ða 1 ; a 2 Þða 3 ; a 4 Þ means that tða 1 Þ ¼ a 2 ; tða 2 Þ ¼ a 1 ; tða 3 Þ ¼ a 4 ; tða 4 Þ ¼ a 3 :
The reducible and inseparable cases
We recall several results which will be used repeatedly throughout this paper.
2.1. Theorem (Hajja and Kang [6, Theorem 1] ). Let G be a finite group acting on Lðx 1 ; y; x n Þ; the rational function field of n variables over a field L. Suppose that (i) for any sAG; sðLÞCL; (ii) the restriction of the actions of G to L is faithful; (iii) for any sAG;
where AðsÞAGL n ðLÞ and BðsÞ is an n Â 1 matrix over L.
Then there exist z 1 ; y; z n ALðx 1 ; y; x n Þ such that Lðx 1 ; y; x n Þ ¼ Lðz 1 ; y; z n Þ with sðz i Þ ¼ z i for any sAG; any 1pipn: We shall use results of the birational classification of algebraic tori due to Voskresenskii [21] and Kunyavskii [10] . We refer to the monograph of Voskresenskii [22] for general notions of algebraic tori. Here we just give an algebraic formulation of the function field of an algebraic torus defined over a field K: Let L be a finite Galois extension of K with Galois group G; Lðx 1 ; y; x n Þ be the rational function field of n variable over L; and r : G-GL n ðZÞ be a group homomorphism. Then the action of G on L can be extended to Lðx 1 ; y; x n Þ by
where rðtÞ ¼ ðn ij ÞAGL n ðZÞ for any tAG: The fixed field Lðx 1 ; y; x n Þ G is the function field of some n-dimensional algebraic torus defined over K and split by L:
2.5. Theorem (Voskresenskii [21] ). All two-dimensional algebraic tori are rational.
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Remark. The birational classification of three-dimensional algebraic tori is proved by Kunyavskii [10] . See [10, Theorem 1] for the details. From now on till the end of this section, V is assumed to be a four-dimensional vector space over K; sAGLðV Þ and f ðTÞAK½T the characteristic polynomial of s: In order to establish the rationality of KðV Þ /sS and KðPðV ÞÞ /sS ; it suffices to establish the rationality of KðPðV ÞÞ /sS because of Theorem 2.3.
2.6. Lemma. If K is a field with char K ¼ 2 and f ðTÞ ¼ T 4 þ aAK½T; then both KðV Þ /sS and KðPðV ÞÞ /sS are rational over K:
Proof. Case 1: f ðTÞ is the minimal polynomial of s: By the rational canonical form of s; we can find a basis
Then KðPðV ÞÞ ¼ Kðx 1 ; x 2 ; x 3 Þ and 
uÞx 3 Þ ¼ Kðy 1 ; y 2 ; ð1 þ uÞx 3 Þ where
Define
Then Kðy 1 ; y 2 ; ð1 þ uÞx 3 Þ ¼ Kðz 1 ; z 2 ; z 3 Þ and
Now Kðz 1 ; z 2 ; z 3 Þ ¼ Kðz 1 ; z 3 ; zÞ for some z with sðzÞ ¼ z by Theorem 2.1. Thus
ðzÞ is rational over K by Theorem 2.4. Case 2: f ðTÞ is not the minimal polynomial of s: Thus f ðTÞ is reducible. Either f ðTÞ has a linear factor in K½T or f ðTÞ ¼ ðT 2 þ bÞ 2 for some bAK with b 2 ¼ a:
In the first situation, KðPðV ÞÞ /sS is rational by Case 1 of the proof of the following Theorem 2.7 (under a more general situation). Thus, it remains to consider the latter situation. In this situation, we may assume that T 2 þ b is irreducible and is the minimal polynomial of s:
Thus we may find a basis v 1 ; v 2 ; w 1 ; w 2 of V Ã such that
Then KðPðV ÞÞ ¼ Kðx; y; zÞ and s : x/b=x; y/z/y:
Since KðxÞ /sS is rational by Lu¨roth's Theorem, it follows that Kðx; y; zÞ /sS is rational by Theorem 2.1. & 2.7. Theorem. If K is any field and f ðTÞ is a reducible polynomial in K½T; then KðPðV ÞÞ /sS is rational over K:
Proof. Case 1: f ðTÞ ¼ ðT À aÞgðTÞ for some aAK: Then V Ã has an eigenvector with eigenvalue a: Thus we may find a basis
where ða ij Þ 1pi;jp3 AGL 3 ðKÞ and b j AK: Hence Kðx 1 ; x 2 ; x 3 Þ /sS is rational over K by Theorem 1.2 (2). Case 2: f ðTÞ ¼ g 1 ðTÞg 2 ðTÞ where g 1 ðTÞ and g 2 ðTÞ are distinct monic irreducible polynomial of degree 2. By linear algebra, V Ã decomposes into a direct sum of two invariant two-dimensional subspaces, i.e. there exists a basis
Then KðPðV ÞÞ ¼ Kðx 1 ; x 2 ; x 3 Þ and sðx 3 Þ ¼ lx 3 for some lAKðx 1 ; x 2 Þ: By Theorem 2.2 the rationality of Kðx 1 ; x 2 ; x 3 Þ /sS follows from that of Kðx 1 ; x 2 Þ /sS : However, If the minimal polynomial of s is gðTÞ; then V Ã decomposes into a direct sum of two invariant two-dimensional subspaces. This situation can be treated as the above Case 2.
Thus, we may assume that f ðTÞ ¼ gðTÞ 2 is the minimal polynomial of s and gðTÞ is separable irreducible.
Let gðTÞ ¼ ðT À aÞðT À bÞ and L ¼ KðaÞ: Let G ¼ /tS be the Galois group of L over K: Then tðaÞ ¼ b:
Choose a vector vAV Ã such that v; sðvÞ; s 2 ðvÞ; s 3 ðvÞ is a basis of
where l ¼ b=a: Note that tðv 2 Þ¼ tðs À bÞ 2 ðvÞ¼ ðs À aÞ 2 tðvÞ¼ðs À aÞ It remains to solve the case ordðlÞ ¼ n; i.e. l is a primitive nth root of unity. Note that p[n; and p j ordðsÞ because x 1 /x 1 þ ð1=aÞ is of order p:
Þ where y 1 and y 2 are defined by the same formula as in (2.5). The action of t on y 1 and y 2 are the same as (2.6). 
Then both KðV Þ /sS and KðPðV ÞÞ /sS are rational over K:
Proof. The situation when b ¼ 0 or f ðTÞ is reducible is treated in Lemma 2.6 and Theorem 2.7. Thus we may assume that ba0 and f ðTÞ is irreducible.
Choose a vector vAV Ã such that v; sðvÞ; s 2 ðvÞ; s 3 ðvÞ is a basis of V Ã : The action of s ðresp:
Then we find that s : w 1 /w 2 /bw 1 ; w 3 /w 4 /aw 3 ;
t : w 1 2w 3 ; w 2 2w 4 :
Then s : x 1 /b=x 1 ; x 2 /a=x 2 ; x 3 /x 2 x 3 =x 1 ;
where l ¼ a=b:
Case 1: ordðlÞ ¼ N:
; y 2 Þ where y 1 ; y 2 are defined by
7Þ
Note that tðy 1 Þ ¼ y 2 and tðy 2 Þ ¼ y 1 : It is clear that
is rational over K: Case 2: ordðlÞ ¼ n: Note that 2 [ n because char K ¼ 2:
Define w ¼ u þ ðl=uÞALðx 1 ; x 2 Þ /sS : From the binomial expansion of w n ¼ ðu þ ðl=uÞÞ n ; w nÀ2 ¼ ðu þ ðl=uÞÞ nÀ2 ; y; it is easy to find that
where n ¼ 2m þ 1 and c 1 ; c 2 ; y; c m are either 0 or 1. Since l is in the finite field F 2 ðlÞ; it follows that l ¼ e 2 for some eAF 2 ðlÞ\f0g; and therefore u n þ u Àn ¼ wy 2 for some
Define t 1 ; t 2 ; t 3 by
By substituting the formula u þ ðl=uÞ in (2. 
Note that eb þ ea; e þ e À1 ; e þ eb À1 a are fixed by t and therefore belong to K:
We claim that Multiply by t 2 1 þ t 1 þ ða=b 2 Þ both sides of (2.10). We get
The left-hand side of the above identity is
Since eAF 2 ðlÞ; which is a finite field, it follows that e ¼ r 2 for some rAF 2 ðlÞ\f0g:
Define p; q; r by
The above relation (2.11) can be written as In this section except in 3.4, we assume the characteristic polynomial f ðTÞ is separable irreducible in K½T:
Let a 1 ; a 2 ; a 3 ; a 4 be the roots of f ðTÞ ¼ 0; L ¼ Kða 1 ; a 2 ; a 3 ; a 4 Þ and G be the Galois group. Since elements of G permute a 1 ; a 2 ; a 3 ; a 4 ; we may regard G as a subgroup of S 4 by: for any tAG; tðiÞ ¼ j if and only if tða i Þ ¼ a j :
Note that, as a subgroup of S 4 ; G is one of S 4 ; A 4 ; or is conjugate of D 4 ; Z 4 ; Z 2 Â Z 2 (Z n stands for the cyclic group of order n).
We shall write the four roots a 1 ; a 2 ; a 3 ; a 4 of f ðTÞ ¼ 0 by a; ab 1 ; ab 2 ; ab 3 by assigning a to be any root a j ð1pjp4Þ:
We shall indicate the main idea of our proof of Theorems 1.3-1.5 in the case when f ðTÞ is separable irreducible. 
The group action of s on
and
3 ALðx 1 ; x 2 ; x 3 Þ\f0g: n 1 ; n 2 ; n 3 AZg and define the Gequivariant map F by Since /x 1 ; x 2 ; x 3 S is isomorphic to a free abelian group of rank three, it follows that Ker F is a free abelian group of rankp3 with G actions, i.e. Ker F ¼ /M 1 ; y; M k S for some monomials M 1 ; y; M k with k ¼ rankðKer FÞ: Now Lðx 1 ; x 2 ; x 3 Þ /sS ¼ LðM 1 ; y; M k Þ and LðM 1 ; y; M k Þ G is the function field of some algebraic turns over K split by L: Thus, we can apply results of the birational classification of algebraic tori due to Voskresenskii and Kunyavskii (Theorem 2.5 and [10] We shall show that it is necessary that char Ka2 in this situation (see Lemmas 4.1(i) and 5.1). Thus, if char K ¼ 2; KðPðV ÞÞ /sS is rational over K; which is just situation (i). &
Proof of Theorem 1.4
In this section we shall adopt the same notations as in Section 3. Throughout this section we shall assume that f ðTÞ is a separable irreducible polynomial in K½T; 
On the other hand, 
Proof. By Lemma 4.1, write f ðTÞ ¼ ðT À aÞðT þ aÞðT À abÞðT þ abÞ: We will obtain (ii). By Lemma 4.1, take t ¼ ða; ab; Àa; ÀabÞ: (The case t ¼ ða; Àab; Àa; abÞ will lead to the same result.) Then Àa ¼ tðabÞ ¼ tðaÞtðbÞ ¼ ab Á tðbÞ: Hence tðbÞ ¼ Àb À1 :
Since b is a root of unity, all of its conjugates are of the form b j for some suitable 
(Remember t ¼ ð1234Þ; r ¼ ð24Þ: We take the possibility t ¼ ða; ab; Àa; ÀabÞ and r ¼ ðab; ÀabÞ: The discussion of other possibilities is similar.) By Lemma 4.2, write n ¼ ordðbÞ ¼ 4k: Then
where
Moreover, 
Proof. (i) Suppose that NaL: Since ½L : N ¼ 2; let fid; t 1 g be the Galois group of L over N: By reindexing b 1 ; b 2 ; b 3 ; we may assume that t 1 ¼ ða; ab 1 Þðab 2 ; ab 3 Þ: Then
Assume that char Ka0: Then z lies in some finite field and KðzÞ is necessarily a cyclic extension of K: A contradiction. & 5.2. Convention and definitions. We shall denote a 1 ¼ a; a 2 ¼ ab 1 ; a 3 ¼ ab 2 ; a 4 ¼ ab 3 ; and t 1 ¼ ða; ab 1 Þðab 2 ; ab 3 Þ; t 2 ¼ ða; ab 2 Þðab 1 ; ab 3 Þ; t 3 ¼ ða; ab 3 Þðab 1 ; ab 2 Þ:
Define integers n 1 ; n 2 ; d; m 1 ; m 2 by ordðb j Þ ¼ n j for 1pjp2;
Since b 2 is a root of unity, it follows that t 1 ðb 2 Þ ¼ b i 2 for some integer i: Note that i is uniquely determined modulo n 2 and gcdfi; n 2 g ¼ 1: 
5.5. Now we begin to prove Theorem 1.5.
ðs À a 4 ÞðvÞ:
Since /b 1 ; b 2 S is a cyclic group of order dm 1 ; m 2 ; choose integers r and s such that
Thus s is a faithful group action on Lðx 1 ; x 2 ; x 3 Þ with order dm 1 m 2 :
Define y 1 ; y 2 ; y 3 by
Since the determinant of the ''coefficient'' matrix of y 1 ; y 2 ; y 3 with respect to
it follows that ½Lðx 1 ; x 2 ; x 3 Þ : Lðy 1 ; y 2 ; y 3 Þ ¼ ordðsÞ and Lðx 1 ; x 2 ; x 3 Þ /sS ¼ Lðy 1 ; y 2 ; y 3 Þ: Moreover, the multiplicative subgroup /y 1 ; y 2 ; y 3 S of /x 1 ; x 2 ; x 3 S ðCLðx 1 ; x 2 ; x 3 Þ\f0gÞ is invariant under the action of G because it is the kernel of the following G-equivariant map
The action of G on y 1 ; y 2 ; y 3 is given by
Since /y 1 ; y 2 ; y 3 S is G-invariant, it follows that cAZ: In particular, the integers Node that ud À vb ¼ k: 
:
Then : Thus, from Definition 5.4, we find that both a and b are even and dða=2Þ À m 2 ðb=2Þ ¼ 1:
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Since the determinant of the ''coefficient'' matrix of z 2 and z 3 with respect to y 2 and y 3 is det a ðb À aÞ=2
it follows that Lðy 2 ; y 3 Þ ¼ Lðz 2 ; z 3 Þ: Thus Lðy 1 ; y 2 ; y 3 Þ ¼ Lðz 1 ; z 2 ; z 3 Þ and
Then the (multiplicative) actions of t 1 and t 1 t 2 with respect to u 1 ; u 2 ; u 3 are given by 
In both situations (A) and (B), we always have the relation: ud À vb ¼ k þ 1: Define
Then Lðy 1 ; y 2 ; y 3 Þ ¼ Lðz 1 ; z 2 ; z 3 Þ and
if ðAÞ holds;
if ðBÞ holds: 
Then the actions of t 1 and t 2 with respect to u 1 ; u 2 ; u 3 are given by (ii) We may assume l ¼ 1: Take t 1 ¼ ða; ab 1 Þðab Step 2: Suppose that fb 1 ; b 2 ; b 3 g ¼ fb; Àb; À1g and n ¼ ordðbÞ: If n is odd, thenideas (besides a detailed analysis of eigenvalues) can be used to discuss the rationality of Kðx 1 ; x 2 ; x 3 Þ /sS where char Ka2; [8] ; this problem is a generalization of a question solved by Saltman [17] . (Hajja [4] ). Let K be any field, sAGL n ðKÞ; f ðTÞ be the characteristic polynomial of s such that f ðTÞ is the minimal polynomial of s: Define an affine K-automorphism F on Kðx 1 ; y; x n Þ by
Lemma
for some b i AK: If f ð1Þa0; then F can be linearized. Explicitly, if v is a vector in P n i¼1 K Á x i such that v, sðvÞ; y; s nÀ1 ðvÞ generate Proof. The existence of v follows from the assumption that f ðTÞ is the minimal polynomial of s: All the rest are easy. & 7.2. Proof of Theorem 1.9. Case 1: f ð1Þa0 and f ðTÞ is the minimal polynomial of s: Apply Lemma 7.1. Since s is similar to its rational normal form, we can transform the basis y 1 ; y; y n in Lemma 7.1 to another one z 1 ; y; z n such that Fðz j Þ ¼ P a ij z i and ða ij Þ is the linear part of the given affine automorphism.
Case 2: f ð1Þ ¼ 0 and f ðTÞ is the minimal polynomial of s: By linear algebra, s is conjugate to one of the following matrices:
In any case, there exist y 1 ; y 2 ; y 3 ; y 4 A P 4 i¼1 K Á x i such that either Fðy 4 Þ ¼ y 4 þ y 3 þ c or Fðy 4 Þ ¼ y 4 þ c; where cAK; moreover, F leaves K þ P 3 i¼1 K Á y i invariant. Hence Kðx 1 ; x 2 ; x 3 ; x 4 Þ ¼ Kðy 1 ; y 2 ; y 3 ; y 4 Þ and FðKðy 1 ; y 2 ; y 3 ÞÞCKðy 1 ; y 2 ; y 3 Þ and Fðy 4 Þ ¼ y 4 þ u for some uAKðy 1 ; y 2 ; y 3 Þ: By Theorem 2.2 it suffices to prove that Kðy 1 ; y 2 ; y 3 Þ /FS is rational over K: But this follows from Theorem 1.2. Case 3: f ðTÞ is not the minimal polynomial of s: Thus f ðTÞ is not irreducible in K½T:
Case 3.1: f ð1Þa0: By Lemma 7.1, F can be linearized and the characteristic polynomial of the linearized automorphism F is the same f ðTÞ: Since f ðTÞ is reducible, we may apply Theorem 1.3. In either case, Kðx; y; zÞ /sS is rational over K because of Theorem 2.2. Case 3: Both f ðTÞ and gðTÞ are irreducible and f ðTÞ is inseparable. In this case, char K ¼ 2; gðTÞ is separable and f ðTÞ ¼ T 2 À a: Let L ¼ Kða 1 ; a 2 ; a 3 Þ where gðTÞ ¼ ðT À a 1 ÞðT À a 2 ÞðT À a 3 Þ and consider Kðx; y; zÞ /sS ¼ fLðx; y; zÞ /sS g G where G is the Galois group of L over K: Applying standard arguments in the preceding sections, we can find u; v; wALðx; y; zÞ such that Lðx; y; zÞ ¼ Lðu; v; wÞ and sðuÞ ¼ a=u; sðvÞ ¼ l 1 v; sðwÞ ¼ l 2 w;
where ordðl i Þ is either infinite or an odd integer because char K ¼ 2:
Thus Lðx; y; zÞ It follows that fLðx; y; zÞ /sS g G is the function field of an algebraic torus of dimension p2: Thus it is rational by Theorem 2.5.
Case 4: Both f ðTÞ and gðTÞ are irreducible and gðTÞ is inseparable. The case is similar to Case 3. Note that Kðy 1 ; y 2 Þ /sS is rational over K if sðy 1 Þ ¼ y 2 ; sðy 2 Þ ¼ a=ðy 1 y 2 Þ where aAK\f0g by Hajja [3] . The rest of the proof is almost the same as in Case 3 and is omitted. Case 5: Both f ðTÞ and gðTÞ are separable irreducible. Let L be the splitting field of f ðTÞgðTÞ and G be the Galois group of L over K: Then GCZ 2 Â Z 3 ; S 3 or Z 2 Â S 3 where S 3 is the symmetric group of degree 3.
Applying standard arguments in the preceding section, we get a function field of an algebraic torus of dimension p3: If the dimension is p2; we are finished because of Theorem 2.5. If it is a three-dimensional algebraic torus, apply [10, Theorem 1] because a three-dimensional algebraic torus is rational if the Galois group of its splitting field is isomorphic to Z 2 Â Z 3 ; S 3 or Z 2 Â S 3 : &
